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Elastic Instability of Transversely
Isotropic Timoshenko Beams

E. J. BKUNELLE*
Rensselaer Polytechnic Institute, Troy, N. Y.

Introduction

SEVERAL composite materials of current interest exhibit
transverse isotropyf to such an extent that the ratio of

the longitudinal Young's modulus to the transverse shear
modulus (E/G*) may be in the range from 20-50. This fact
leads one to believe that shear deformation will play an im-
portant role in static, dynamic, and stability problems of
transversely isotropic beams, plates, and shells. J In particu-
lar, it is the purpose of this Note to derive the buckling equa-
tions for a transversely isotropic Timoshenko beam and to
present curves of buckling coefficients vs a parameter that
measures the effect of shear deformation as a result of geom-
etry and transverse isotropy. As will be seen, the effects are
deleterious and can be large.

Buckling Equations
Assuming displacements of the form u(x,z) = z\[/(x) and

w(x,z) = w(x)j the pertinent strain-displacement relations are
given by

ex = zd\f//dx exz = K^ + dw/dx) ez = 0 (1)

Defining the longitudinal modulus of elasticity to be E, the
transverse shear modulus to be G*, and Mindlin's shear cor-
rection factor to be /c2 (which we will assume to be 7r2/12),§
the stress-strain laws become upon inversion

ffx = Ezd^/dx vxz = K2G*(\I/ + dw/dx) (2)
Using Eq. (2), the shear and moment resultants are given

by
h/2
-h/2

Mx = -

baxzdz =

-h/2

(*+£)
= - El •

(3)

(4)

where A* = bh, I = bh3/l2} b is the beam width, and h is the
beam depth. Referring to the deformed element in Fig. 1,
the sum of the vertical forces and the y axis moments are
given by

dQx/dx + Nxd*w/dx2 = 0 (5)

dMx/dx + Qx = 0 (6)
where Nx is the in-plane load. Putting Eqs. (3) and (4) into
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Eqs. (5) and (6) yields coupled equations for w and \f/. That
is,

d*w/dx*)

- El -f + K-dx2 •G*A-

= 0 (7)

(8)

After performing some elementary operations, the un-
coupled counterparts to Eqs. (7) and (8) become

d4w/dx* + = 0

= 0

(9)

(10)
where

A:2 = (P/EI)/(l - PA2G*A*) andP = -Nx

The solutions of Eqs. (9) and (10), which satisfy the original
Eq. (7) and (8), are then given by

w(x) = A Goskx + B sinkx + Cx + D (11)

t(x) = k(l - P//c2G*A*) (A sinkx - B coskx) - C (12)

where A, B, (7, and D are constants which must be determined
by applying appropriate boundary conditions.

Types of Boundary Conditions
Simple support

The displacement and moment are zero and since Mx ~
d\l//dx, one has w = d\l//dx = 0 at the boundary.

Clamped support
The displacement and the rotation angle are zero so that

w = \// = 0 at the boundary

Free end
The moment (~d\l//dx) is zero and since P is always hori-

zontal (for the conservative load problem) it is seen that
P dw/dx = Qx = K2G*A* (t + dw/dx) so that d^/dx =
(1 - P/K2G*A*) dw/dx + $ = 0 at the boundary.

Solutions to Various Buckling Problems

/ Cantilever beam
Applying the boundary conditions

= 0

Qx+j^dx

dx dx

Fig. 1 Forces and moments on a deformed element.
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A nontrivial solution for A and B demands that
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Fig. 2 Buckling coefficient Q vs 8.

yields the following equations

A + D = 0 -k (1 - P/K*G*A*) B - C = 0
(7 = 0 &2(1 - P//c2G*A*) (A cosM + B smkl) = 0

The classical buckling mode is found by setting B = 0 and
hence coskl = 0 so that k = ir/21. Therefore solving k2 =
(P/EI)/(l - PA2G*A*) for P yields the following nondi-
mensional buckling coefficient Q

where

and

Q = [4

Q = (P/EI) -
(13)

S = (E/G*) j

If B is not taken as zero then a nonclassical buckling mode
(pure shear mode) is given by

P5 = bh

but since the ratio P/PS is always less than unity, Eq. (13)
yields the lowest buckling coefficient.

// Simply Supported Beam

Applying the boundary conditions

w(G) = dt(Q)/dx = w(l) = d$(l)/dx = 0
yields the following equations

B smkl + Cl = 0
B smkl = 0

which demands that C = smkl = 0 and, hence, k = w/l.
Therefore Q is given by^

Q = [1+ S}-1 (14)

/// Clamped Simply Supported Beam

Applying the boundary conditions

w(o) = f ( 0 ) = w(i) = d\{/(l)/dx = 0

yields the following equations

A coskl + B smkl = 0

[coskl - 1] A + [smkl - kl (1 - PA2G*A*)] B = 0

Employing a = M/TT the transcendental equation for a is
given by

tana?r = air [1 + a2^]-1 (15)

where a is related to Q by the result
Q = a2 [1 + a2^]-1

Table 1 provides Q vs S tabulations for Eq. (15).

IV Clamped Beam
Applying the boundary conditions

W(o) = $(o) = u;(Z) = ^(Q = 0

yields the following equations

(coskl - 1) A + (sinfcZ - kl [1 - P//c2£*A*]) 5 = 0

(sinfcQA + (1 - coskl) B = 0
Using the trigonometric identities

sin&Z = 2 sin&//2 coskl/2

coskl = 1 - 2 sin2 Atf/2

a nontrivial solution for A and B demands that either

smkl/2 = 0

or that

tana?r/2 = aw/2 [1 + a2^]'1

The lowest value of k is found to be fc = 2ir/l so that Q is
given by

Q = 4 [1 + 4S]-1

Results

(16)

The results of Eqs. (13-16) are plotted in Fig. 2. Par-
ticularly note that as the boundary conditions become more
restrained the effect of transverse shear (as a result of geom-
etry and transverse isotropy) becomes more deleterious.
Hence adding more boundary restraint does not substantially
raise the buckling loads of even moderately transversely iso-
tropic beams (S > 0.5) which is in sharp contrast to the be-
havior of a classical isotropic beam (S = 0) undergoing the
same addition of boundary restraint.

Conclusions

It has been demonstrated that shear deformation due to
geometry and transverse isotropy adversely affects the buck-
ling loads of beams and that these effects become more pro-
nounced as boundary restraint increases. This means that

Table 1 Q vs S for a clamped simply supported beam

1" In all cases P/PS < 1 so that the pure shear mode will no
longer be mentioned.

S
0

0.05
0.10
0.15
0.20
0.40
0.60
0.80
1.00
1.20
1.40
1.60
1.80
2.00

Q
2.046
1.839
1.670
1.530
1 . 412
1.078
0.873
0.734
0.633
0.557
0.498
0.450
0.411
0.378
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the analyst's intuition concerning the effectiveness of using
boundary restraint to greatly increase buckling loads must be
drastically modified when dealing with transversely isotropic
materials.
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Film Cooling Effectiveness with Helium
and Refrigerant 12 Injection into a

Supersonic Flow

R. J. GOLDSTEIN* AND M. Y. jABBARlf
University of Minnesota, Minneapolis, Minn.

Nomenclature
cp = specific heat
M = injection parameter, pzUz/p^U^
Pr = Prandtl number
Re2 = slot Reynolds number, pzUzs/pz
s = length of porous section in flow direction
T = temperature
TT = recovery temperature
T* = reference temperature, [Eq. (2)]
Um = velocity of mainstream in direction along the wall
Uz = velocity of injectant at point of injection normal to the

wall
W = molecular weight
x = distance along the wall downstream from the point of

injection
p = density
fj, = dynamic viscosity
r)is = high-speed flow effectiveness based on isoenergetic flow

temperatures, [Eq. (1)]
£* = dimensionless parameter, [Eq. (6)]

Subscripts
0 = condition in the stagnation chamber
2 = properties of injectant at point of injection
oo = properties of mainstream
aw = adiabatic wall
( )is = designates isoenergetic flow condition

* = evaluated at reference temperature T*

EXPERIMENTAL measurements are reported for the
film cooling effectiveness with normal injection (through

a porous strip) of helium and refrigerant 12 into a two-dimen-
sional turbulent boundary layer of a Mach 3 airflow. Re-
lated work has been reported in Refs. 1-4 (analytical studies)
and Ref s. 4-9 (experimental studies).

The apparatus has been described elsewhere.4 The main
flow of air has a Mach number of approximately 3 and a total
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Fig. 1 Film cooling effectiveness with injection of helium
for M = 0.0018 - 0.0034, T2= 228 - 335°K {taking cpm/cp2 =
0.194, and Prx* = 0.728 and Re2 M2/Atoo* = 385 [used in Eq.

(5)]}.

temperature of about 295 K. The secondary flow (either
helium or refrigerant 12) is subsonic and injected through a
narrow porous section with an injection parameter 0.0018 <
M < 0.0115 and temperature 228 K < T2 < 355 K. A simple
sketch of the geometry is included in Fig. 1.

Following earlier studies,4'8 supersonic film cooling effec-
tiveness is defined using isoenergetic flow temperatures

J- aw \-L aw) ia

T% — (!F2)i8
(1)

(Isoenergetic flow conditions are obtained with the same
mainstream flow when the secondary gas, at the same rate of
injection, has a total temperature equal to that of the main
flow.) In order to eliminate the effect of day-to-day varia-
tion of the main-flow total temperature, the effectiveness is
computed as8

- (Taw/TQ)iB

A reference state4 is defined using

T* = 0.287^ + Q.72Tr

(la)

(2)
Modification of the earlier low-speed flow analyses to in-

clude effects of compressibility and foreign gas injection leads
to the following equations for supersonic flow.4>5>1° Stollery
and El-Ehwany2

8-I]}-1 (3)
Kutateladze and Leont'ev1

77is = {1 + (Wcp2)[0.33(4 + £*)°-8 - I]}-1 (4)
Goldstein and Haji-Sheikh3

1.9(Prro*)2/3

with

(5)

(5a)
The parameter £# in the foregoing equations is defined as

£* = (x/Ms) [BfcGi^/w) ] -0-25(P~*/P~) (6)
In Fig. 1 the experimental film cooling effectiveness for

helium injection is plotted against the parameter £#. On the
same graph are shown the modified theoretical models.
Data for refrigerant 12 injection are compared with the
theoretical models in Fig. 2. Data using air injection were
also obtained,10 and the agreement of these with an earlier
study4 is satisfactory.

As indicated on the two graphs, the definition of effective-
ness using isoenergetic flow temperatures and evaluation of
the fluid properties at the reference temperature correlate the


